Realization of x-ray Fabry-Perot (FP) resonance in back-Bragg-reflection crystal cavities has been proposed and explored for many years, but to date no satisfactory performance has been achieved. Here we show that single-cavity crystal resonators intrinsically have limited finesse and efficiency. To break this limit, we demonstrate that monolithic multicavity resonators with equal-width cavities and specific plate thickness ratios can generate ultrahigh-resolution FP resonance with high efficiency, steep peak tails, and ultrahigh contrast simultaneously. The resonance mechanism is similar to that of sequentially cascaded single-cavity resonators. The ultranarrow-bandwidth FP resonance is anticipated to have various applications, including modern ultrahigh-resolution or precision x-ray monochromatization, spectroscopy, coherence purification, coherent diffraction, phase contrast imaging, etc. The Fabry-Perot (FP) interferometer [1] is one of the most fundamental and important optical instruments used in numerous fields for accurate measurements or control of the wavelengths of light and for making lasers [2] . It is typically made of two parallel mirrors that successively reflect light back and forth in the cavity to form interference, which can be implemented for all long-wavelength light to soft x rays [3, 4] . Unfortunately, this scheme does not work for hard x rays because there exist no specularly reflecting mirrors for hard x rays at large incidence angles. A solution to this problem is to use backward Bragg diffraction (Bragg angle B ' 90 ) from two parallel crystal plates to produce x-ray FP interference or resonance, as has been proposed and theoretically explored for many years [5] [6] [7] [8] [9] [10] [11] [12] .
The Fabry-Perot (FP) interferometer [1] is one of the most fundamental and important optical instruments used in numerous fields for accurate measurements or control of the wavelengths of light and for making lasers [2] . It is typically made of two parallel mirrors that successively reflect light back and forth in the cavity to form interference, which can be implemented for all long-wavelength light to soft x rays [3, 4] . Unfortunately, this scheme does not work for hard x rays because there exist no specularly reflecting mirrors for hard x rays at large incidence angles. A solution to this problem is to use backward Bragg diffraction (Bragg angle B ' 90 ) from two parallel crystal plates to produce x-ray FP interference or resonance, as has been proposed and theoretically explored for many years [5] [6] [7] [8] [9] [10] [11] [12] .
However, implementation of x-ray FP resonance in crystal cavities has later been demonstrated to be very challenging. For example, only in recent years have Liss et al. [13] and Shvyd'ko et al. [14] observed from timeresolved transmission measurements the storage of x-ray photons in a few tens of back-and-forth reflection cycles in large crystal cavities (cavity widths 50-150 mm), but their results do not show the resonance fringes, mainly because the incident bandwidth is much larger than the free spectral range of the cavities. The first direct and explicit demonstration of hard x-ray FP resonance fringes was carried out by Chang et al. [15, 16] using small silicon cavities (40-150 m). Nevertheless, the FP finesse they measured is only about 2.3, and the resonance peaks have low efficiency with significant background. Several factors might attribute to the underperformance, including the crystal imperfections and strains caused by microelectronic fabrication and the beam divergence caused by the dispersive monochromator [17] . As illustrated below, the most adverse factor is that single crystal cavities intrinsically have limited finesse and efficiency. Without breaking this limitation, such devices could hardly be used for practical applications.
Based on rigorous dynamical theory calculations, we present in this Letter the principles of a more advanced design of x-ray FP resonators, which consists of multiple cavities separated by crystal plates with specific thickness ratios. These resonators are illustrated to have extremely high finesse, sharp tails, and ultralow background, which can completely surpass the limit of conventional crystalbased x-ray optics to achieve unprecedented resolution and coherence and may have versatile applications based on modern synchrotron light sources and free-electron lasers (FELs).
Here we model multicavity resonance based on diamond crystals because they have nearly unity Bragg reflectivity with very low absorption [18, 19] , based on which the FP mechanisms can be singled out without much complication of absorption. But the main mechanisms still apply to silicon or sapphire cavities. We choose to study the FP resonance within the medium-energy range around 8 keV because most undulators produce higher flux in this range than in the higher-energy range, which is especially critical to medium-energy synchrotrons and FELs. In addition, developing ultrahigh-resolution optics for medium-energy photons has been extremely difficult using conventional crystal optics due to the very wide intrinsic bandwidths of low-order Bragg reflections [20] .
Figure 1(a) shows the diamond 224 Bragg reflectivity for different crystal thicknesses t, where the photon energy ÁE is relative to the back-reflection Bragg energy (8.5146 keV). The curve with t ¼ 1 is the spectral Darwin curve of a semi-infinite crystal showing that the strong-reflection Darwin range (indicated by the dashed lines) is 67 < ÁE < 106 meV. This is the working energy range for FP resonance. The inset in Fig. 1(b) schematically shows a monolithic single-cavity resonator, of which the transmission can be calculated by the rigorous method in the Supplemental Material [21] . The free spectral range of the cavity is E f ' 1 2 hc=ð þ 2ÃÞ, where is the cavity width and Ã is the Bragg-reflection extinction depth (here Ã ¼ 4:88 m) (see Supplemental Material [21] ). In Fig. 1(b) we set ¼ 10:9 m, corresponding to E f ¼ 30 meV. Under this condition, there is only one resonance peak within the Darwin range (located in the center).
The transmission curves in Fig. 1 (b) were calculated with plane-wave incidence and the wave train was assumed to be infinite. As shown in the Supplemental Material [21] , a single cavity has maximum resonance efficiency only when the two plates have the same thickness t. So we only consider this situation. When t ¼ 10 m, strong FP resonance occurs in the middle of Fig. 1 (b) with peak transmission (efficiency) T P ¼ 96%. However, the full width at half maximum (FWHM) of the peak is E ¼ 5:8 meV, corresponding to low finesse F ¼ E f =E ¼ 5:2. Meanwhile, the background beside the resonance peak is high (> 8%). Obviously, this is due to the low reflectivity, R c ¼ 59%, of the plates with t ¼ 10 m [ Fig. 1(a) ].
R c can be enhanced by increasing t. When t ¼ 18:5 m, R c reaches 90% in Fig. 1(a) , and the corresponding resonance peak width in Fig. 1(b) becomes E ¼ 1 meV with F ¼ 30. But the peak still has wide tails and the background is still noticeable. Moreover, the finesse improvement is accompanied by the peak efficiency drop to T P ¼ 75%. [For crystals (e.g., silicon) with higher absorption, the efficiency drops more dramatically with increasing t.] For t ¼ 30 m (R c ¼ 98%), T P is only 18% although the peak becomes extremely narrow with E ¼ 0:19 meV.
Therefore, a single cavity is generally unable to achieve high finesse and efficiency simultaneously, especially for high-absorption crystals (that also have limited R c ) (see Supplemental Material [21] ). A possible way to surmount this obstacle is to sequentially cascade two singlecavity resonators, as shown in Fig. 2(a) . However, here the backward wave from the second resonator may either form undesirable resonance in the gap between the two resonators or enter the first cavity to interfere with the waves there. So an ''isolator'' is desirable to absorb this wave [22] . Under this condition, the total transmission is simply T ¼ T [15, 16, 21] .
that the two-cavity resonance peak has a ''fatter body'' (corresponding to higher throughput) and steeper tails, which are actually two of the most desirable merits for resonator performance.
In fact, silicon multicavity structures have already been tested by Chang et al. [16] , but the performance seems much worse than that of single-cavity resonators. The reason is that Chang et al. made all the crystal plates equally thick (i.e., periodic structures). We show that this does not work because in Fig. 2(d) , the resonance peak of a two-cavity resonator with equal-thickness plates splits into two peaks. Generally for an N-cavity resonator (N > 1) with equal-thickness plates, the resonance peak splits into N subpeaks [see Fig. 3(b) ]. Thus, for a multicavity resonator to work correctly, the plate thicknesses must be chosen correctly. Figure 2 1 , the subpeaks become a single peak. When t 2 increases further, the peak does not split again. Instead, the peak width decreases, but the peak efficiency also decreases (see the curve with t 2 ¼ 30 m). So t 1 ¼ t 3 ¼ 1 2 t 2 is the optimal condition (which is always true for any Bragg reflections). For example, in Fig. 2 (e) when t 1 ¼ t 3 ¼ 20 m [twice that in Fig. 2(d) ], the optimal value of t 2 is also doubled to 40 m. Note that here the peak efficiency is 52% while the peak width is only 0.45 meV (F ¼ 67). Combinations of (t 1 , t 2 , t 3 ) that do not satisfy t 1 ¼ t 3 ¼ 1 2 t 2 either lead to split peaks or lower efficiency, as shown by other curves in Fig. 2(e) .
The optimal condition t 1 ¼ t 3 ¼ 1 2 t 2 indicates that the two-cavity resonance mechanism is indeed similar to that of two cascaded single-cavity resonators. In fact, if we ignore the ''isolator'' in Fig. 2(a) , the two resonators can be considered as a three-cavity structure and our calculation shows that its transmission for L ! 0 is the same as that of the two-cavity resonator in Fig. 2(b) with t 1 ¼ t 3 ¼ 1 2 t 2 ¼ t. Therefore, the two-cavity resonator in Fig. 2(b) is exactly equivalent to the cascaded resonators in Fig. 2(a) with L ! 0 but without the isolator.
If the isolator exists, it slightly changes the shape of the resonance peak, as can be seen in Fig. 2(c) from the comparison of the dashed curve (calculated with the isolator) with the two-cavity curve [equivalent to that of Fig. 2(a) with L ! 0 and without the isolator]. Nevertheless, the difference is small, indicating that the isolator actually does not play an active role. The reason is that when FP resonance occurs, the backward wave from the second resonator in Fig. 2(a) is minimum, so the isolator has little effect. Out of the resonance range, the reflectivity from the second resonator is large. However, here the reflectivity of the first resonator is equally large, which means that the incident beam has already been largely backreflected by the left two plates before reaching the third one. Then, the transmission T s is small, which makes the reflection from the third plate still very low. Therefore, the backward wave from the second resonator in Fig. 2(a) is always weak with L ! 0 (see Supplemental Material [21] ). Equivalently, the backward wave (dashed arrow) in Fig. 2(b) is also always weak for [23] . Thus, the two cavities are largely independent of each other except that the first cavity provides a one-way input to the second cavity; i.e., the resonance processes of the two cavities in Fig. 2(b) occur sequentially with little interaction. Consequently, the x-ray coherence length required for FP resonance only needs to be sufficiently larger than the (small) width of a single cavity instead of the length of the entire multicavity resonator.
These mechanisms also apply to N-cavity resonators (N > 2). For example, in Fig. 3 when the three-cavity resonator consists of equal-thickness plates, the resonance peak splits into three subpeaks. The subpeaks merge together when t 2 and t 3 are doubled. So the three-cavity resonator is (nearly) equivalent to three cascaded single-cavity resonators. Here the resonator with t 2 ¼ t 3 ¼ 2t 1 ¼ 2t 4 has slight bumps on the resonance peak, which, however, can be removed by slightly increasing t 2 and t 3 above 2t 1 , as shown by the curve with t 2 ¼ t 3 ¼ 22 m in Fig. 3(b) .
For comparison, Figure 4 (a) shows the FP resonance peaks with 1 meV bandwidths generated by optimized single-, two-, and three-cavity resonators, where the background levels of the two-and three-cavity curves are roughly 2 and 4 orders lower than that of the single-cavity curve, respectively.
The multicavity resonators can be used as compact inline monochromators with ultrahigh energy resolution. For this purpose, a premonochromator must be used to limit the incidence bandwidth within the Darwin range. As shown in Fig. 4(b) , here one can use a silicon nested channel-cut premonochromator [17, 24, 25] to produce a bandwidth <20 meV (compared with the Darwin width of 39 meV here). Following it the multicavity resonator can further monochromatize the beam to meV or sub-meV bandwidths. Afterwards, the highly monochromatic beam can be used for ultrahigh-resolution diffraction, spectroscopy, metrology, etc. The monochromatized beam also has ultrahigh coherence, particularly temporal coherence, due to the narrow bandwidth. Hence, it can be used for ultrahigh-resolution coherent diffraction and phase contrast imaging.
The resolution can be further improved to 0.1 meV or even up to eV in principle [14, 21] by increasing . Figure 5 shows the FP resonance spectra of multicavity resonators with ¼ 185:3 m (for all the cavities), corresponding to E f ¼ 3:178 meV. Under this condition, there exist a series of resonance peaks within the Darwin range. The peak widths of the single-and two-cavity resonance in Fig. 5(a) are E ¼ 0:24 and 0.16 meV, respectively. The three-cavity resonance peaks in Fig. 5(b) have E ¼ 0:1 meV with needlelike shapes (close to Gaussian distribution). Curve D in Fig. 5(b) shows that the resonance peaks shift with the incidence direction by a (linear) rate 4:7 eV= rad [25] .
Note that curves A, B, and C (with different plate thicknesses but with the same ) have the same peak positions, which are determined only by . This indicates that FP resonance occurs only in the cavities and is absent in the plates (i.e., the plates do not act as FP etalons). Thus, the cavity widths should be well controlled to be the same during fabrication. Our calculations show that the error tolerance is less than 0:1 m for the above typical parameters (which means that the surface roughness should also be less than 0:1 m). By contrast, the error tolerance of the plate thicknesses is generally 1 m or more [12] . However, crystal defects and lattice constant variations can significantly affect the FP performance, but nowadays nearly perfect ''type IIa'' diamond crystals with homogeneous reflectivity close to 100% are commercially available [19, 21] .
Also note that one may place the resonator with 0.1 meV (or better) resolution after the 1-meV resonator in Fig. 4(b) to produce a 0.1-meV-bandwith beam from a white beam [11, 26] . Fascinatingly, the two resonators can again be merged into a monolithic structure with two different cavity widths (see Supplemental Material [21] for details). This could lead to significant breakthroughs since developing unprecedented sub-meV-resolution optics at medium energies has been aggressively pursued but with daunting challenges in recent years for modern medium-energy synchrotron light sources [20, 27] .
In summary, we have demonstrated that simple multicavity resonators with equal-width cavities and with specific plate thickness ratios can produce ultrahigh-resolution FP resonance (up to eV) with high efficiency, steep tails, and ultralow background simultaneously. Based on the fact that the resonance mechanisms are similar to those Curve D was calculated with the incidence direction changed from that of curve C by 100 rad. See the log scales in the Supplemental Material [21] .
